This paper continues the investigation of the relation between the geometry of a circle embedding and the values of its Fourier coefficients. First, we answer a question of Kovalev and Yang concerning the support of the Fourier transform of a starlike embedding. An important special case of circle embeddings are homeomorphisms of the circle onto itself. Under a one-sided bound on the Fourier support, such homeomorphisms are rational functions related to Blaschke products. We study the structure of rational circle homeomorphisms and show that they form a connected set in the uniform topology.
Introduction
Every continuous map f of the unit circle T = {z ∈ C : |z| = 1} to the complex plane extends to a harmonic map F of the unit disk D = {z ∈ C : |z| < 1}, and the Taylor coefficients of F are given by the Fourier coefficients of f , denoted byf (n). This simple but important relation has consequences both for geometric function theory and for the theory of minimal surfaces [3, 5, 6] , especially when f is an embedding, i.e., an injective continuous map. For example, when f is an sense-preserving embedding with a convex image, the Radó-Kneser-Choquet theorem [3, p. 29 ] states that F is a sense-preserving diffeomorphism and in particularf (1) = 1. On the other hand, for every integer N there exists a sense-preserving embedding f : T → C such that f (n) = 0 whenever |n| ≤ N [7, Theorem 5.1]. Thus, some restrictions on the shape of f (T) are necessary to obtain a non-vanishing result forf . The following theorem answers Question 5.1 in [7] . difficult to describe exactly which ratios of Blaschke products restrict to circle homeomorphisms. We give some sufficient conditions in Section 5. In Section 4 we show that the set of rational circle homeomorphisms is connected in the uniform topology.
Preliminaries
An embedding is a map that is a homeomorphism onto its image. By a circle embedding we mean an embedding f : T → C. In the special case f (T) = T the map f is called a circle homeomorphism. The curve f (T) is called shar-shaped about w 0 ∈ C if the argument of f (e iθ )− w 0 is a monotone function of θ. In this case f is called a starlike embedding.
The Fourier coefficients of an integrable function f : T → C are given bŷ
Since replacing the function f (e iθ ) with f (e −iθ ), which reverses the orientation of f , only changes the indexing of its Fourier coefficients, throughout this paper we will assume that f is sensepreserving. We write suppf = {n ∈ Z :f (n) = 0}. A complex-valued function is called harmonic if its real and imaginary parts are harmonic. For any continuous function on T, convolution with the Poisson kernel Theorem 4.22 ]. This fact is restated as a proposition. 
(−n)z n defines a harmonic function in D, for which f provides a continuous boundary extension.
The circle homeomorphisms whose Fourier series terminates in one direction have the following description in terms of finite Blaschke products. A Blaschke product of degree n is a rational function of the form
where z 1 , . . . , z n ∈ D and σ ∈ T. The book [4] is a convenient reference on the properties of these products. Not every Blaschke product B induces a circle homeomorphism in the way described in Lemma 2.2. To treat the two cases of Lemma 2.2 in a unified way, Kovalev and Yang gave the necessary and sufficient condition for the quotient of two finite Blaschke products to be a circle homeomorphism, which is recorded in the following. 
where z 1 , z 2 , · · · , z n , w 1 , w 2 , · · · , w m ∈ D and σ 1 , σ 2 ∈ T. Then the quotient B 1 (ζ)/B 2 (ζ) is a circle homeomorphism if and only if n − m = 1 and
where P is the Poisson kernel for the unit disk D, see (2.1).
Because condition (2.2) is difficult to check in practice, in Section 5 we continue to consider the problem of describing the Blaschke products that induce circle homeomorphisms, and obtain some explicit sufficient conditions in terms of the Blaschke zeros. Moreover, in Section 4 we prove that both sets of homeomorphisms described in Lemma 2.2 are connected, as is the larger set in Lemma 2.3. The connectedness is understood in the topology of C(T) induced by the uniform norm.
Fourier coefficients of starlike embeddings
Proof of Theorem 1.1. Suppose that the curve f (T) is star-shaped about some point w 0 . Without loss of generality, we may assume that
Since f is an embedding, the function φ is continuous on [0, 2π). Therefore the function ψ(θ) := φ(θ + π) − φ(θ) − π is continuous on [0, π). Since ψ(0) + ψ(π−) = 0, the intermediate value theorem implies that there exists θ 0 ∈ [0, π) such that ψ(θ 0 ) = 0, that is
Let z 0 = e iθ 0 and g(e iθ ) = e iφ(θ) . Then we have f (e iθ ) = R(θ)g(e iθ ) and
Let η = g(z 0 ) and γ be the open half-circle traced counterclockwise from the point z 0 to −z 0 . Note that T \ γ is a complementary open half-circle traced counterclockwise from −z 0 to z 0 . Then ηg(e iθ ) maps γ onto the upper half-circle and T \ γ onto the lower half-circle, for g is sense-preserving. Let
Then h maps γ onto the half-line starting from the point 1 2 i to infinity along the upper imaginary axis, and T\γ onto the half-line starting from the point − 1 2 i to infinity along the lower imaginary axis. Then 1 h(e iθ ) = (1 − z 0 2 e 2iθ )e −iθ z 0 maps γ onto the segment (0, −2i] and T − γ onto the segment (0, 2i]. In addition, 1/h(±z 0 ) = 0. The above statements yield that for all e iθ ∈ T, we have
where the equality holds if and only if e iθ ∈ {z 0 , −z 0 }.
We now consider
dθ, which implies that
Therefore, the proof is completed.
Proof of Corollary 1.2. Since F is the harmonic extension of f , by Proposition 2.1 we have F z (0) =f (1) and Fz(0) =f (−1). By Theorem 1.1, |F z (0)| + |Fz(0)| > 0. Given any point a ∈ D, consider the Möbius transformation g(z) = z+a 1+āz . The composition F • g is a harmonic map with boundary values f • g. By the above, the total derivative of F • g at 0 does not vanish. Since g(0) = a, the chain rule shows that |F z (a)| + |Fz(a)| > 0.
is starlike with respect to the point w = 1. Its harmonic extension F (z) = z + z 2 +z 2 /2 has Jacobian of variable sign in D: in particular, F z vanishes at −1/2 while Fz vanishes at 0. Therefore, F is not a diffeomorphism.
For the sake of completeness we show that f is indeed starlike with respect to 1. Its values on T agree with the rational function h(z) = z 2 + z + z −2 /2. Nevanlinna's criterion for starlikeness requires zh ′ (z)/(h(z) − 1) to have nonnegative real part on T. We have
Multiplying the numerator of this fraction by the conjugate of its denominator and writing z = e iθ , we arrive at
The latter expression factors as (5 − 2 cos 2θ) cos 2 (θ/2) and is therefore nonnegative.
The set of rational circle homeomorphisms is connected
The space C(T) of continuous mappings from T into C is equipped with the topology induced by the norms f = sup T |f |. Let H + (T) denote the group of all sense-preserving circle homeomorphisms f : T → T. It is well-known that H + (T) is a connected subset of C(T). We will show that the same holds for its subsets related to finite Blaschke products. 
Proof. For any r ∈ [0, 1), we set P r (ζ) = P (r, ζ) = 1−r 2 |ζ−r| 2 . Then P r (ζ) = n∈Z r |n| ζ n , P (re iθ , ζ) = P (r, e −iθ ζ) = P r (e −iθ ζ), so that P rρ = P r * P ρ for r, ρ ∈ [0, 1), that is
Let z 1 = re iθ 1 and z 2 = ρe iθ 2 . Then
where z 1 , z 2 , · · · , z n ∈ D, 0 ≤ t ≤ 1 and σ ∈ T. 
The proof of part (b) follows the same process except the inequalities (4.2) and (4.3) are changed from · · · ≥ n − 1 to · · · ≤ n + 1.
Proof of Theorem 4.1. Lemma 4.3 shows that each element of H n1 (T) can be connected to the identity map, so each set H n1 (T) is connected. Since all these sets contain the identity map, their union is connected as well. The same reasoning applies to H n2 (T).
We have a similar result for the larger set of all circle homeomorphisms that are restrictions of rational functions. Recall that if a rational function maps T into T, it must be a quotient of Blaschke products [4, Corollary 3.5.4] . Proof. We will prove that each circle homeomorphism of the form B 1 /B 2 , where B 1 , B 2 are finite Blaschke products, can be connected to the identity map. By Lemma 2.3, we may assume that
where z 1 , z 2 , · · · , z n , w 1 , w 2 , · · · , w n−1 ∈ D and σ 1 , σ 2 ∈ T, and we have for all ζ ∈ T. Therefore, the proof is completed.
Sufficient conditions for rational circle homeomorphisms
In this section we give some sufficient for the ratio of Blaschke products to be a circle homeomorphisms. In certain cases these conditions are also necessary. We begin with some estimates for the Poisson kernel P (z, ζ). Proof. (a) A simple calculation shows that
which yields to the conclusion for r = 0.
(b) It is obvious that the minimum of P (z, ζ) over all ζ ∈ T is P (z, e i(π+α) ) = 1 − r 1 + r and hence the conclusion holds.
Lemma 5.2. If z 1 , z 2 , · · · , z n ∈ D have the same argument, then n k=1 P (z k , ζ) ≥ n − 1 for all ζ ∈ T if and only if n k=1 1 − r k 1 + r k ≥ n − 1.
When n = 2, then 2 k=1 P (z k , ζ) ≥ 1 for all ζ ∈ T if and only if 1 − r 1 − r 2 − 3r 1 r 2 ≥ 0.
Proof. By rotation, we may assume that z k = r k , where 0 ≤ r k < 1. Let ζ = e iθ . A simple calculation yields that When n = 2, the above inequality simplifies to 1 − r 1 − r 2 − 3r 1 r 2 ≥ 0.
When the points z k do not have the same argument, the sum of the corresponding Poisson kernels is more difficult to estimate. Proof. Since
However, the situation simplifies for z 1 , z 2 on the opposite halves of a diameter of the disk D. By a calculation, we obtain that the roof of H ′ (x) = 0 is r−s 2 , which shows that
It follows that for all ζ ∈ T, P (z 1 , ζ) + P (z 2 , ζ) ≥ 1 if and only if 1 − rs − r 2 − s 2 ≥ 0. 
Proof. By Lemma 5.1, we know that P (z 1 , ζ) ≥ 1 for all ζ = e iθ ∈ T with cos θ ≥ r while P (z 2 , ζ) ≥ 1 for all ζ ∈ T with sin θ ≥ s. It follows from Lemma 5.3 that it suffices to prove that (1 − s 2 − r 2 − 3r 2 s 2 ) + 4rs 2 cos θ + 4r 2 s sin θ − 4rs cos θ sin θ ≥ 0 for θ ∈ [0, 2π) with cos θ < r and sin θ < s.
Let θ 1 ∈ [0, 2π) with cos θ 1 = r and sin θ 1 = √ 1 − r 2 . Then all the θ ∈ [0, 2π) with cos θ < r must be in the set (θ 1 , 2π − θ 1 ). Let θ 2 ∈ [0, 2π) with cos θ 2 = √ 1 − s 2 and sin θ 2 = s. Then all the θ ∈ [0, 2π) with sin θ < s must be in the set [0, θ 2 ) (π − θ 2 , 2π).
For this case, cos θ 2 ≥ cos θ 1 which yields that r ≤ √ 1 − s 2 . Then we have 1−2s sin θ+s 2 is decreasing for θ ∈ (π − θ 2 , π] while increasing for θ ∈ [ 3π 2 , 2π], we only need to prove that
which is equivalent to
For this case, cos θ 2 > cos θ 1 which implies that r > √ 1 − s 2 . Then we have
By similar reasoning as in Case 1, it suffices to prove that Since F (0) = (1 − s 2 − r 2 − 3r 2 s 2 ) − 4r 2 s ≥ 0, it follows that 1 − s 2 − r 2 − 3r 2 s 2 > 0, which together with √ 1 − s 2 < x < r yields that G(x) > (1 − s 2 − r 2 − 3r 2 s 2 ) + 4rs 1 − x 2 (r − x) > 0 for x ∈ ( √ 1 − s 2 , r). Therefore, it reduces to prove that (1 − s 2 − r 2 − 3r 2 s 2 ) + 4rs 2 x − 4r 2 s 1 − x 2 + 4rsx 1 − x 2 ≥ 0, x ∈ [−1, 0].
The proof is completed.
The following theorem follows easily from Lemmas 2.3, 5.1, and 5.2.
Theorem 5.6. Suppose that
where z 1 , z 2 , · · · , z n ∈ D and σ ∈ T. If one of the following conditions satisfy, then B(ζ)/ζ n−1 is a circle homeomorphism. (a) |z k | ≤ 1 2n−1 for all k = 1, 2, · · · , n. (b) If Re{z 1 /z 2 } = 0 and 1 − |z 1 | 2 − |z 2 | 2 − 3|z 1 z 2 | 2 − 4|z 1 z 2 | |z 1 | 2 + |z 2 | 2 − 2|z 1 z 2 | ≥ 0, then B(ζ)/ζ is a circle homeomorphism.
